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1 Projection-Valued Measures

1.1 Unbounded functional calculus

Let A be self-adjoint, and let ϕ ∈ Ba(R). We want to define ϕ(A) by

D(ϕ(A)) =

{
u ∈ H :

∫
|ϕ(λ)|2 dµu(λ) <∞

}
,

ϕ(A)u = lim
j→∞

ϕj(A)u, ϕj ∈ Bab(R), ϕj → ϕ, |ϕj | ≤ |ϕ| <∞.

Proposition 1.1. Let A be self-adjoint, and let ϕ ∈ Ba(R). Then ϕ(A) is densely defined,
and ϕ(A)∗ = ϕ(A) (so D(ϕ(A)∗) = D(ϕ)). In particular, ϕ(A) is closed.

Proof. Let’s check the first claim. If u ∈ H, let χn = 1{|ϕ|≤n}. Then χn ∈ Bab, and
χn → 1. So χn(A)u → u. Notice that if u ∈ H and ϕ ∈ Bab(R), then dµϕ(A)u = |ϕ|2 dµu:
for any f ∈ C0,∫

f dµϕ(A)u = 〈f(A)ϕ(A)u, ϕ(A)u〉 =
〈
(f |ϕ|2)(A)u, u

〉
=

∫
f |ϕ|2 dµu.

In particular, supp(dµχn(A)u) ⊆ {|ϕ| ≤ n}, so∫
|ϕ|2 dµχn(A)u <∞,

which implies that χn(A)u ∈ D(ϕ(A)). Now use this argument with χnϕ to get the
claim.

1.2 Projection-valued measures

Let M ⊆ R be a Baire set (1M ∈ Ba) and set E(M) := 1M (A) ∈ L(H,H). Then

• E(M) is an orthogonal projection on H.
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• E(R) = 1.

• E(M1)E(M2) = E(M1 ∩M2).

• E(∅) = 0.

• If M =
⋃∞
j=1Mj with Mj ∩Mk = ∅, then E(M) is the strong limit of

∑N
j=1E(Mj)

as N →∞.

The map M 7→ E(M) is an orthogonal projection-valued measure.
Recall next that if µ is a positive bounded measure on R, then there exists a unique

left continuous increasing function ϕ such that ϕ(λ)→ 0 as λ→ −∞ and
∫
f dµ =

∫
f dϕ

for all f ∈ C0: We have ϕ(λ) = µ(1(−∞,λ)).
In particular,

µu(1(−∞,λ)) =
〈
1(−∞,λ)(A)u, u

〉
= 〈Eλu, u〉 , where Eλ = E((−∞, λ)) = 1(−∞,λ)(A).

We have:

• Eλu→ 0 as λ→ −∞,

• Eλu→ u as λ→∞,

• Eλ−εu→ Eλu as ε→ 0+.

If ϕ ∈ Bab, we have

〈ϕ(A)u, u〉 =

∫
ϕ(λ) dµu(λ) =

∫
ϕ(λ) d〈Eλu, u〉.

If u ∈ D(A), then Au = limj→∞Aϕj(A)u, where 0 ≤ ϕj ≤ 1 with ϕj ∈ Ba and supp(ϕj)
compact. Then

〈Au, u〉 = lim
j→∞

∫
λϕj(λ) d〈Eλu, u〉 =

∫
λ d〈Eλu, u〉.

Formally, we write

A =

∫
λ dEλ.

1.3 Properties of projection-valued measures

There is nothing new here, but we are taking a different (and useful) point of view. Here
is a proposition that expresses this point of view.

Proposition 1.2.
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1. Let λ ∈ R. Then λ ∈ Spec(A) if and only if E((λ− ε, λ+ ε)) 6= 0 for all ε > 0.

2. E({λ}) 6= 0 if and only if λ is an eigenvalue of A and E({λ}) is the orthogonal
projection onto ker(A− λ).

Proof.

1. (⇐= ): For any ε > 0, pick uε ∈ H such that ‖uε‖ = 1 and uε = E((λ− ε, λ+ ε))uε.
Then dµuε(t) = 1(λ−ε,λ+ε) dµuε(t). So uε ∈ D(A) and

‖(A− λ)uε‖ =

∫
(t− λ)2 dµuε(t) ≤ ε2

∫
dµuε(t) = ε2

It follows that λ ∈ Spec(A): for any ε > 0 there is a uε ∈ H such that ‖uε‖ = 1 and
‖(A− λ)uε‖ ≤ ε, so A− λ has no bounded inverse.

( =⇒ ): If E((λ− ε, λ+ ε)) := E(Iε) = 0 for some ε > 0, then for any u ∈ H,

u = E(R)u = E(R \ Iε)u

Then for any u ∈ H, dist(λ, supp(µu)) ≥ ε. Let ϕ(t) = 1
t−λ , which is continuous

and bounded on supp(µu) for all u. Then define ϕ(A) ∈ L(H,H) by 〈ϕ(A)u, u〉 =∫
ϕ(t) dµu(t). We get (A− λ)ϕ((A) = 1, so λ /∈ Spec(A).

2. ( =⇒ ): If E({λ0}) 6= 0, then let u 6= 0 be such that u = E({λ0})u. Then
supp(µu(λ)) ⊆ {λ0}, so u ∈ D(A) and

‖(A− λ0)u‖2 =

∫
(λ− λ0)2 dµu(λ) = 0.

So λ0 is an eigenvalue, and imE({λ0}) ⊆ ker(A− λ− 0).

On the other hand, if (A − λ0)u = 0 for some 0 6= u ∈ D(A), then for Im z 6= 0,
(A− z)u = (λ0 − z)u, so

R(z)u =
1

λ0 − z
u, 〈R(z)u, u〉 =

‖u‖2

λ0 − z
.

So by the uniqueness in our Nevanlinna representation, we get µu(λ) = ‖u‖2δ(λ−λ0).
So for any ϕ ∈ Bab, ϕ(A)u = ϕ(λ0)u. So E({λ0}) 6= 0, and E({λ0})u = u. Thus,
imE({λ0}) = ker(A− λ0).
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